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Abstract. We discuss how we can obtain new quantum superintegrable Hamiltonians allowing
the separation of variables in Cartesian coordinates with higher order integrals of motion
from ladder operators. We also discuss how higher order supersymmetric quantum mechanics
can be used to obtain systems with higher order ladder operators and their polynomial
Heisenberg algebra. We present a new family of superintegrable systems involving the fifth
Painlevé transcendent which possess fourth order ladder operators constructed from second
order supersymmetric quantum mechanics. We present the polynomial algebra of this family of
superintegrable systems.
1. Introduction
The most well known superintegrable systems are the Kepler-Coulomb system and the harmonic
oscillator [1]. Superintegrable systems with second order integrals of motion in two-dimensional
[2] and three dimensional Euclidean spaces [3,4] were classified. However, a systematic search for
superintegrable systems with third order integrals of motion in classical and quantum mechanics
is more recent and was started in Ref.5. Classical and quantum systems with a second and a
third order integrals of motion allowing separation of variables in Cartesian coordinates were
obtained by S.Gravel [6] and five of the 14 quantum systems were written in terms of the first,
second and fourth Painlevé transcendents [7]. These quantum systems were studied [8-10] from
the point of view of supersymmetric quantum mechanics and their polynomial algebras. For
a review of two-dimensional superintegrable systems we refer the reader to the following paper
[11]. In recent years, many articles were devoted to integrable and superintegrable systems with
higher order integrals of motion [12-31].
A relation between first and second order ladder operators and integrals of motion of
superintegrable systems were acknowledged by many authors [1-4,10,15,16,32-34]. A relation
between first order supercharges [35] and integrals of motion were also discussed [36-39]. Recently,
we pointed out [8-10,12,13] how superintegrability with higher order integrals, higher order
ladder operators and higher order supersymmetric quantum mechanics [40-44] are related. We
discussed [10] how from known one-dimensional Hamiltonians that possess ladder operators
we can form multi-dimensional superintegrable systems, their integrals and their polynomial
algebra. We constructed a new infinite family of superintegrable systems involving the fourth
Painlevé transcendent from third order ladder operators. We presented a classical analog of
this construction and obtained an infinite family of classical superintegrable using third order
ladder operators [12]. The factorization of Hamiltonians in supersymmetric quantum mechanics
is not necessarily unique and can be used as a tool for obtaining from known systems new
superintegrable systems with higher order integrals of motion [13].
The purpose of this paper is to discuss how from systems allowing two intertwining relations
with second order supercharges [44], which are related to fourth order ladder operators, we can
generate an infinite family of superintegrable systems involving the fifth Painlevé transcendent.
In Section 2, we present a method to construct superintegrable systems introduced in Ref.10.
In Section 3, we discuss the relation between supersymmetric quantum mechanics and ladder
operators. In Section 4, we recall results of Ref.44 and using these results we present explicitly
the system with fourth order ladder operators, its ladder operators and zero modes in terms
of the fifth Painlevé transcendent. In Section 5, using results of Section 2 and Section 4, we
obtain a new family of superintegrable systems and we present their integrals of motion and the
polynomial algebra generated by these integrals.
2. Superintegrability and ladder operators
Let us consider the following two-dimensional Hamiltonian allowing separation of variables in
Cartesian coordinates:
H = H1 +H2 =
P 21
2
+
P 22
2
+ V1(x1) + V2(x2). (1)
We suppose the existence of polynomial ladder operators (ωi are constants and Qi polynomials
of order ki) :
[Hi, A
†
i ] = ωiA
†
i , [Hi, Ai] = −ωiAi, (2)
AiA
†
i = Qi(Hi + ωi), A
†
iAi = Qi(Hi), i = 1, 2. (3)
The polynomial Heisenberg algebra generated by {Hi, Ai, A†i} provides information on the
spectrum of Hi. The annihilation operator can allow at most ki zero modes (i.e. a state such
Aiψ = 0). In each axis we can have at most ki infinite ladders by acting iteratively with the
creation operator. The creation operator can also allow zero modes and we can have finite
ladders.
From these operators, we construct the following integrals of motion (of order 2, k1n1 + k2n2
and k1n1 + k2n2) with n1ω1 = n2ω2 = ω, n1,n2 ∈ N∗ :
K =
1
2ω
(H1 −H2), I− = An11 A†n22 , I+ = A†n11 An22 . (4)
The systems is thus superintegrable. We can also consider the integrals I1 = I− − I+ and
I2 = I− + I+. These results can be used to study known superintegrable systems and also
construct new ones. Moreover, this construction can be extended for N-dimensional quantum
systems and also in context of classical systems [12]. These integrals of motion generate a
polynomial algebra [8-12,45-48] of order (k1n1 + k2n2 − 1)
[K, I±] = ±I±, [I−, I+] = Fn1,n2(K + 1,H)− Fn1,n2(K,H), (5)
Fn1,n2(K,H) =
n1∏
i=1
Q1(
H
2
+ n1ω1K − (n1 − i)ω1)
n2∏
j=1
Q2(
H
2
− n2ω2K + jω2). (6)
The equations (5) and (6) form a deformed u(2) algebra and the finite dimensional representation
modules can be found using a realization as a generalized deformed oscillator algebra [49]. The
operators b† = I+, b = I−, N = K − u ( u is a constant) and Φ(N,u,H) = Fn1,n2(K,H) satisfy
a deformed oscillator algebra :
[N, bt] = bt, [N, b] = −b, btb = Φ(N,u,H), bbt = Φ(N + 1, u,H) . (7)
The function Φ(N) is called the "structure function". Following [7-10,47,48] we have an energy
dependent Fock space of dimension p+1 if
Φ(0, u,E) = 0, Φ(p+ 1, u,E) = 0, Φ(n, u,E) > 0, n = 1, 2, ..., p. (8)
The Fock space is defined by
H|E,n >= E|E,n >, N |E,n >= n|E,n > b|E, 0 >= 0, (9)
bt|n >=
√
Φ(n+ 1, u,E)|E,n+ 1 >, b|n >=
√
Φ(n, u,E)|E,n − 1 > . (10)
The relations given by equation (8) can be used to obtain the finite dimensional unitary
representations and the corresponding degenerate energy spectrum of superintegrable systems
[8-11,47,48].
2.1. Systems with ladder operators of first, second and third order
Infinite families of superintegrable systems in two-dimensional Euclidean space from first [1],
second [15] and third [10] order ladder operators were discussed in previous articles (with
n1ω1 = n2ω2 = ω, n1,n2 ∈ N∗):
V (x1, x2) =
1
2
(ω21x
2
1 + ω
2
2x
2
2), (11)
V (x1, x2) =
1
2
(ω21x
2
1 + ω
2
2x
2
2) +
l1
x21
+
l2
x22
, (12)
V (x1, x2) =
ω21
2
(x1 +
√
~
ω1
P4(1)(
√
ω1
~
x1), α1, β1)
2 +
ǫ1~ω1
2
P
′
4(1)(
√
ω1
~
x1, α1, β1) +
~ω1
3
(ǫ1 − α1)
(13)
+
ω22
2
(x2 +
√
~
ω2
P4(2)(
√
ω2
~
x2, α2, β2))
2 +
ǫ2~ω2
2
P
′
4(2)(
√
ω2
~
x2, α2, β2) +
~ω2
3
(ǫ2 − α2)
P
′′
4(i)(zi) =
P
′2
4(i)(zi)
2P4(i)(zi)
+
3
2
P 34(i)(zi) + 4zP
2
4(i)(zi) + 2(z
2
i − αi)P4(i)(zi) +
βi
P4(i)(zi)
, (14)
P4(i)(zi) = P4(i)(zi, αi, βi), zi =
√
ωi
~
xi.
The integrals of motion, the polynomial algebras , the finite-dimensional unitary repsentations
and the corresponding degenerate energy spectrum were given respectively for superintegrable
systems with first order ladder operators in Ref. 33 and systems with second and third order
ladder operators in Ref. 10.
3. Supersymmetry and ladder operators
Let us recall some results of first and second order supersymmetric quantum mechanics (also
known as intertwining or factorization method) [35]
Let us consider the following intertwining relation
HaL
† = L†Hb, (15)
with a first order intertwining operator (also called supercharge) and two Hamiltonians of the
form
Hi = −~
2
2
d2
dx2
+ Vi(x), L
† =
1√
2
(−~ d
dx
+ α(x)), i = a, b. (16)
These relations lead to
Vb = Va − ~α′, 2αVb − ~2α′′ = 2αVa − 2~V ′a. (17)
We obtain by putting the first relation in the second and integrating the result
~α′ + α2 = 2(Va(x)− ǫ). (18)
These equations are equivalent to the factorization method
Ha = L
†L+ ǫ, Hb = LL
† + ǫ. (19)
If one of these systems is exactly solvable and allows ladder operators, we can obtained the
wavefunctions (up to a possible zero mode state), the ladder operators and the energy spectrum
of its superpartners using the supercharges. The operators A†a and A
†
b (Aa and Ab) respectively
the raising (lowering) operators of the Hamiltonians Ha and Hb are related by A
†
a = L†A
†
bL
(Aa = L
†AbL). Supersymmetric quantum mechanics can thus be used to generate systems with
higher order ladder operators.
Let us now consider two Hamiltonians [40-44]
L† =
1
2
(~2
d2
dx2
− ~g(x) d
dx
+ h(x)). (20)
We obtain the following three equations
Vb = Va − ~g(x)′, (21)
~
2 g(x)
′′
2
− ~h(x)′ − g(x)Vb = 2~V ′a − g(x)Va, (22)
2h(x)Vb − ~2h(x)′′ = 2~2V ′′0 − 2~g(x)V ′a + 2h(x)Va. (23)
From the equations (21), (22) and (23) we can obtain
Va,b(x) = ~
2 g(x)
′′
4g(x)
− ~2 g(x)
′2
8g(x)2
± ~g(x)
′
2
+
g(x)2
8
+
d
2~
+
c
2g(x)2~
, (24)
h(x) = −~2 g(x)
′′
2g(x)
+ ~2
g(x)′2
4g(x)2
− ~g(x)
′
2
+
g(x)2
4
− c
g(x)2~
. (25)
Moreover, we have
LL† = ((Ha − d
2~
)2 − c
4~
), L†L = ((Hb − d
2~
)2 +
c
4~
). (26)
The ladder operators of the Hamiltonians Ha and Hb are thus related by the second order
supercharges.
A first and second order supersymmetry can also be combined [41] to obtain systems with
third order ladder operators related to superintegrable systems obtained by S.Gravel [6,8-10]. If
we consider a first HaL
†
1 = L
†
1(Hb+~ω) and a second order intertwining relations HaL
†
2 = L
†
2Hb,
we can construct the following third order supercharges A† = L†1L2 and A = L
†
2L1. They satisfy
respectively the following relations : [Ha, A
†] = ~ωA† and [Ha, A] = −~ωA. These operators
can thus be interpreted as raising and lowering operators. These potentials can be written in
terms of the fourth Painlevé transcendent. The equation (13) consists in a sum of two such
one-dimensional systems.
4. Systems with fourth order ladder operators
Let us recall results from Ref.44 and consider two Hamiltonians
Hi = −~
2
2
d2
dx2
+ Vi(x), i = a, b, (27)
intertwined by two second order supercharges L1 and L2
L
†
1 =
1
2
(~2
d2
dx2
− ~g1(x) d
dx
+ h1(x)), L
†
2 =
1
2
(~2
d2
dx2
− ~g2(x) d
dx
+ h2(x)). (28)
The interwining equations have the following form
HbL
†
2 = L
†
2Ha, (29)
HaL
†
1 = L
†
1(Hb + ~ω). (30)
We construct from these supercharges the following fourth order ladder operators of the
Hamiltonian Ha and their polynomial Heisenberg algebra
A† = L†1L
†
2, A = L2L1, (31)
[Ha, A
†] = ~ωA†, [Ha, A] = −~ωA, (32)
A†A = Q(Ha) =
4∏
j
(Ha − ǫj), AA† = Q(Ha + ~ω), (33)
with ǫ1,2 = ~ω +
d2
2~ ±
√
c2
4~ , ǫ3,4 =
d1
2~ ±
√
c1
4~ . The operators (A
† = L†2L
†
1 and A = L1L2) are
ladder operators of the Hamiltonian H2.
The intertwining relations (29) and (30) give six equations. Using the following changes of
variables z =
√
ω
~
x, gi =
√
~ωg˜i, hi = ω~h˜i (with i=1,2), Vk = ~ωV˜k (with k=a,b) and ǫ
′
j =
ǫj
~ω
(with j = 1, 2, 3, 4) we obtain
g˜1
′′
2g˜1
− ( g˜1
′
2g˜1
)2 ∓ g˜1′ + g˜1
2
4
+
(ǫ′3 − ǫ′4)2
g˜1
2 + ǫ
′
3 + ǫ
′
4 = 2
˜Va,b, (34)
g˜2
′′
2g˜2
− ( g˜2
′
2g˜2
)2 ± g˜2′ + g˜2
2
4
+
(ǫ′1 − ǫ′2)2
g˜2
2 + ǫ
′
1 + ǫ
′
2 − 1∓ 1 = 2 ˜Va,b, (35)
− g˜1
′′
2g˜1
+ (
g˜1
′
2g˜1
)2 − g˜1
′
2
+
g˜1
2
4
− (ǫ
′
3 − ǫ′4)2
g˜1
2 = h1, (36)
− g˜2
′′
2g˜2
+ (
g˜2
′
2g˜2
)2 − g˜2
′
2
+
g˜2
2
4
− (ǫ
′
1 − ǫ′2)2
g˜2
2 = h2, (37)
V˜b = V˜a + g˜1
′ − 1 = V˜a − g˜2′. (38)
From the equations (34), (35) and (38), we can obtain the following nonlinear second order
differential equation [44]
g˜2
′′ =
(−2g˜2 + z)
2g˜2(−g˜2 + z)(g˜2
′)2+
g˜2
z(−g˜2 + z) g˜2
′++[2zg˜2(−g˜2+z)]−1[−2zg˜25+(5z2+8ǫ+4)g˜24 (39)
−4z(z2 + 4ǫ+ 2)g˜23 + [z4 + 4(2ǫ + 1)z2 + 4(∆22 −∆21)− 1]g˜22 − 4∆21z(−2g˜2 + z)]
with ( ǫ = 12(ǫ
′
3 + ǫ
′
4)− 12(ǫ′1 + ǫ′2), ∆1 = ǫ′1 − ǫ′2, ∆2 = ǫ′3 − ǫ′4).
The equation (39) can be transformed into the fifth Painlevé transcendent by considering
(g˜2 =
−z
W−1 and y = z
2)
d2W
dy2
= (
1
2W
+
1
W − 1)(
dW
dy
)2 − 1
y
dW
dy
+
(W − 1)2
y2
(
aW 2 + b
W
) +
cW
y
+
dW (W + 1)
W − 1 , (40)
with the following parameters a =
∆21
2 , b = −
∆22
2 , c = −ǫ− 12 , and d = −18 .
4.1. Systems in terms of the fifth Painlevé transcendent
Using these results, we present the Hamiltonians Ha and Hb, the supercharges L1, L2, the ladder
operators L and L† and their zero modes in terms of the fifth Painlevé transcendent.
The potential V (x) = Va(x)− 12(ǫ1 + ǫ2) is given by the following expression
V (x) =
ω2
8
(1 +
4(P5 + P
′
5)
2 − P 25
(P5 − 1)2P5 )x
2 +
~
2
x2
(a− b− 1
8
+
b− aP 25
P5
)− ~ω(1 + (1 + 2cP5)
2(P5 − 1) ), (41)
with (P5 = P5(
ω
~
x2, a, b, c,−18 )).
The functions h1,h2,g1 and g2 in terms of the fifth Painlevé transcendent are given by
g1 =
ωx
P5 − 1 +
√
ω
~
x, h1 = ~ω(
2(4c − P5)
4(−1 + P5)) + ~
2(
−8b+ P5(1− 8a+ 8b+ 8aP5)
4x2P5
) (42)
+ω2(
x2(P5(−1 + (−1 + P5)P5) + 4P5P ′5 − 4P ′25 )
4(−1 + P5)2P5 ),
g2 = − ωx
P5 − 1 , h2 = ~ω(
2(1 + 4cP5)
4(−1 + P5) ) + ~
2(
−8b+ P5(1− 8a+ 8b+ 8aP5)
4x2P5
) (43)
+ω2(
−x2(P 25 + P 35 + 4P ′25 + P5(−1 + 4P ′5))
4(−1 + P5)2P5 ).
There are four possible zero modes for the annihilation operator
ψ
(i)
1,2 ∝ (±
√
a
2
(−1 + P5)− (1
2
+ c) +
ω
~
x2(P5 + 2P
′
5)
4(−1 + P5) )e
∫ −1+ω
~
x2∓√8a(−1+P5)2+P5−2ω~ x
2P ′5
2x(−1+P5) dx, (44)
ψ3,4 ∝ e
∫
(
±√−8b(−1+P5)2−ω~ x
2(P25−2P
′
5)
2x(−1+P5)P5 +
1
2x
)dx
, (45)
with the corresponding energy levels
Eψ1,2 = ±~ω
√
a
2
, Eψ3,4 = ~ω(−c−
1
2
∓
√
−b
2
), (46)
and also four possible zero modes for the creation operator
φ1,2 ∝ e
∫ −1−ω
~
x2±
√
8a(−1+P5)2+P5−2ω~ x
2
i P
′
5
2x(−1+P5) dx, (47)
φ3,4 ∝ (∓
√
b
2
(−1 + P5) + (1
2
+ c)−
ω
~
x2(P5 + 2P
′
5)
4(−1 + P5) )e
∫
(
((∓√−8b)(−1+P5)2+ω~ x
2(P25−2P ′5))
2xP5(−1+P5) +
1
2x
)dx
, (48)
with the following energy levels
Eφ1,2 = ±~ω(
√
a
2
− 1), Eφ3,4 = ~ω(−c−
3
2
∓
√
−b
2
). (49)
Thus, the system can have one, two, three or four infinite sequences of levels and finite sequence
of levels (singlet, doublet or triplet states) depending of the parameters (a,b,c and ω). A more
detailed study of these cases should be performed and we let it to a future article. The fifth
Painlevé transcendent also allows rational solutions [50] depending of the parameters.
5. Superintegrable systems
Using results from Section 2, we can construct an infinite family of two-dimensional
superintegrable systems (with n1ω1 = n2ω2 = λ, n1,n2 ∈ N∗)
H =
2∑
i
P 2xi
2
+
ω2i
8
(1+
4(P5(i) + P
′
5(i))
2 − P 25(i)
(P5(i) − 1)2P5(i)
)x2i+
~
2
x2i
(ai−bi−1
8
+
bi − aiP 25(i)
P5(i)
)−~ωi(1+
(1 + 2ciP5(i))
2(P5(i) − 1)
),
(50)
with (P5(i) = P5(i)(
ωi
~
x2i , ai, bi, ci,−18 ) i=1,2). The integrals of motion are given by (using (28),
(31), (42), (43))
K =
1
2λ
(H1 −H2), I− = An11 A†n22 , I+ = A†n11 An22 . (51)
These integrals of motion are of order 2 and 4(k1+k2). The structure function of the polynomial
algebra (of order 4(k1 + k2)− 1) is given by
Φ(N,u,H) =
n1∏
i=1
Q1(
H
2
+ n1ω1(N + u)− (n1 − i)ω1)
n2∏
j=1
Q2(
H
2
− n2ω2(N + u) + jω2), (52)
Qi(Hi) = 16
4∏
k=1
(Hi − E(i)ψk), E
(i)
ψ1,2
= ∓~ωi
√
ai
2
, E
(i)
ψ3,4
= ~ωi(−ci − 1
2
∓
√
−bi
2
). (53)
6. Conclusion
We presented a new family of superintegrable systems with higher integrals of motion from
results obtained in context of supersymmetric quantum mechanics [44] using a method discussed
Ref.10. The integrals of motion were constructed from the fourth order ladder operators that are
product of second order supercharges. We presented also the polynomial algebra generated by
these integrals of motion. The classical case of systems allowing fourth order ladder operators
would differ of the quantum case. We let to a future article to obtain and study such systems
and the corresponding classical superintegrable system.
The relation between superintegrability, ladder operators and supersymmetric quantum
mechanics can be used to study known superintegrable systems or obtain new superintegrable
systems with higher order integrals of motion [10,13,39] and need to be more explored.
The general equations for third order interwining relations for stationary Schrödinger
operators [51] and second order intertwining relations for non-stationary Schrödinger operators
[52] were obtained and may be used to construct superintegrable systems.
Moreover, systems written in terms of the Painlevé transcendents appear in many contexts in
quantum mechanics [6-11,13,14,52-58] and recently a superintegrable system involving the sixth
Painlevé transcendent was obtained [14]. The results obtained in this paper also extend the
number of known superintegrable systems involving the Painlevé transcendents.
Acknowledgments
The research of I.M. was supported by a postdoctoral research fellowship from FQRNT of Quebec.
References
[1] Jauch J M and Hill E L 1940 Phys.Rev. 57 641
[2] Winternitz P, Smorodinsky Ya A, Uhlir M and Fris I 1967 Sov. J.Nucl.Phys. 4 444
[3] Evans N W 1990 Phys.Rev. A 41 5666
[4] Evans N W 1991 J.Math.Phys. 32 3369
[5] Gravel S and Winternitz P 2002 J.Math.Phys. 43 (12) 5902
[6] Gravel S 2004 J.Math.Phys. 45 (3) 1003
[7] Ince E L 1956 Ordinary Differential Equations (New York: Dover)
[8] Marquette I 2009 J.Math.Phys. 50 012101
[9] Marquette I 2009 J.Math.Phys. 50 095202
[10] Marquette I 2010 J.Phys.A: Math. Gen. 43 135203
[11] Marquette I and Winternitz P 2008 J. Phys. A: Math. Theor. 41 304031
[12] Marquette I 2010 J.Math.Phys. 51 092903
[13] Marquette I 2009 J.Math.Phys. 50 122102
[14] Tremblay F and Winternitz P 2010 J. Phys. A: Math. Theor. 43 175206
[15] Verrier P E and Evans N W 2008 J.Math.Phys. 49 092902
[16] Rodriguez m A, Tempesta P and Winternitz P 2008 Phys.Rev. E 78 046608
[17] Kalnins E G, Miller Jr W and Post S 2010 J.Phys.A: Math. theor. 43 035202
[18] Tremblay F, Turbiner V A and Winternitz P 2010 J.Phys.A: Math. Theor. 42 242001
[19] Post S and Winternitz P 2010 J. Phys. A: Math. Theor. 43 222001
[20] Quesne C 2010 J.Phys. A:Math. Theor. 43 082001
[21] Ballesteros A and Herranz F J 2009 J.Phys. A: Math.Theor. 42 245203
[22] Kalnins E G, Kress J M and Miller Jr W 2010 J.Phys.A: Math. Theor. 43 265205
[23] Kalnins E G, Kress J M and Miller Jr W 2010 J.Phys.A: Math. Theor. 43 092001
[24] Ioffe M V and Nishnianidze D N 2007 Phys.Rev. A 76 052114
[25] Ioffe M V, Negro J, Nieto L M and Nishnianidze D N 2006 J.Phys. A 39 9297
[26] Cannata F, Ioffe M V and Nishnianidze D N 2005 Phys.Lett. A 340 31
[27] Ioffe m V and Valinevich P A 2005 J.Phys. A 38 2497
[28] Correa F, Jakubsky V, Plyushchay M S 2009 Annals Phys. 324 1078
[29] Alvarez P D, Gomis J, Kamimura K and Plyushchay M S 2008 Phys.Lett. B 659 906
[30] Correa F, Nieto L M and Plyushchay M S 2007 Phys.Lett. B 644 94
[31] Correa F, Jakubsky V and Plyushchay M S 2008 J.Phys. A 41 485303
[32] Boyer C P and Miller Jr. W 1974 J.Math.Phys. 15 9
[33] Bonatsos D and Daskaloyannis C 1999 Prog.Part.Nucl.Phys. 43 537
[34] Ranada M F, Rodriguez M A and Santander M 2010 J.Math.Phys. 51 042901
[35] Junker G 1995 Supersymmetric Methods in Quantum and Statistical Physics (New York: Springer)
[36] Mota R D, Garcia J and Granados V D 2001 J.Phys. A: Math.Gen. 34 2041
[37] Lyman J M and Aravind P K 1993 J.Phys. A: Math.Gen. 26 3307
[38] Calzada J A, Kuru S, Negro J and Del Olmo M A 2008 J.Phys. A: Math. Theor. 41 255201
[39] Demircioglu B, Kuru S, Onder M and Vercin A 2002 J.Math.Phys. 43 5
[40] Andrianov A, Ioffe M and Spiridonov V P 1003 Phys.Lett. A 174 273; Andrianov A, Cannata F, Dedonder
J P and Ioffe M 1995 Int.Mod.Phys. A 10 2683
[41] Andrianov A, Cannata F, Ioffe M and Nishnianidze D 2000 Phys.Lett. A 266 341 (Preprint quant-ph/9902057)
[42] Plyushchay M 2000 Int.J.Mod.Phys. A 15 3679
[43] Fernandez D J and Hussin V 1999 J.Phys.A: Math.Gen. 32 3603
[44] Carballo J M, Fernandez D J, Negro J and Nieto L M 2004 J.Phys.A : Math.Gen. 37 10349
[45] Granovskii Ya I, Zhedanov A S and Lutzenko I M 1991 J. Phys. A 24 3887
[46] Letourneau P and Vinet L 1995 Ann.Phys. 243 144
[47] Bonatsos D, Daskaloyannis C and Kokkotas K 1993 Phys.Rev. A 48 R3407
[48] Daskaloyannis C 2001 J.Math.Phys. 42 1100
[49] Daskaloyannis C 1991 J.Phys.A: Math.Gen. 24 L789
[50] Kitaev A V, Law C K and McLeod J B 1994 Differential Integral Equations 7 967
[51] Ioffe M V and Mishnianidze D N 2004 PhysLett. A 327 425
[52] Cannata F, Ioffe M, Junker G and Nishnianidze D 1999 J.Phys.A.Math.Gen. 32 3583
[53] Veselov A P and Shabat A 1993 Funkt.Analiz.Prilozh 27 (2) 1
[54] Fushchych W I and Nikitin A G 1997 J.Math.Phys. 38 11 5944
[55] Cannata F, Ioffe M, Junker G and Nishnianidze D 1999 J.Phys.A.Math.Gen. 32 3583
[56] Willox R and Hietarinta J 2003 J.Phys.A: Math.Gen. 36 10615
[57] Yurov A V and Yurov V A 2005 Phys.Rev. D 72 026003
[58] Carlisle J E, Johnson C V and Pennington J S 2008 J.Phys.A: Math.Theor. 41 085401
